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In the context of Horndeski cosmologies, we consider a dynamical adjustment mechanism
able to screen any value of the vacuum energy of the matter fields leading to a fixed de
Sitter geometry. Thus, we present the most general scalar-tensor cosmological models
without higher than second order derivatives in the field equation that have a fixed
spatially flat de Sitter critical point for any kind of material content or vacuum energy.
These models allow us to understand the current accelerated expansion of the universe
as the result of the evolution towards the critical point when it is an attractor.
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1. Introduction
As is well known, the current accelerated expansion of the Universe can be described
in the framework of general relativity by introducing a cosmological constant. The
observed value of the energy density associated to this constant seems to be, how-
ever, much smaller than the value predicted for the energy density of the vacuum
energy using quantum field theoretical considerations.
Another approach to the description of this accelerated expansion consists in
considering alternative theories of gravity, the simplest theories being 4-dimensional
metric theories with one extra degree of freedom. It is important to note that
the new theory should not contain instabilities. In particular, the Ostrogradski
instability, related with an unbounded Hamiltonian, can be avoided considering
field equations without higher than second-order derivatives. The most general
scalar-tensor theory with second order equations is Horndeski theory,1 which is
given by the Lagrangian
LH = δαβγµνσ
[
κ1∇µ∇αφRβγνσ − 4
3
κ1,X∇µ∇αφ∇µ∇βφ∇σ∇γφ
+ κ3∇αφ∇µφRβγµσ − 4κ3,X∇αφ∇µφ∇µ∇βφ∇σ∇γφ]
+ δαβµν [FRαβ
µν − 4F,X∇µ∇αφ∇µ∇βφ+ 2κ8∇αφ∇µφ∇ν∇βφ]
− 3 [2F,φ +Xκ8] + κ9, (1)
where
X = ∇µφ∇µφ, δµ1...µnν1...νn = n!δµ1[ν1 ...δ
µn
νn]
, F,X = κ1,φ − κ3 − 2Xκ3,X (2)
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and there are four arbitrary functions κi = κi (φ, X). This theory, which has been
rediscovered by Deffayet et al.,2 contains general relativity, Brans–Dicke and other
interesting theories as particular cases.
If one is interested in considering cosmological solutions, one can restrict atten-
tion to a FLRW metric and an homogeneous scalar field φ(t) to write the minisu-
perspace Horndeski Lagrangian as3
LH = a
3
3∑
i=0
[
Xi
(
φ, φ˙
)
− k
a2
Yi
(
φ, φ˙
)]
Hi, (3)
where LH = V
−1
∫
d3xLH, and the functions Xi and Yi are given in terms of the
Horndeski functions through3,4
X0 = −Q7,φφ˙+ κ9, X1 = −3Q7 +Q7φ˙, (4)
X2 = 12F,XX − 12F, X3 = 8 κ1,X φ˙3, (5)
Y0 = Q1,φφ˙+ 12 κ3φ˙
2 − 12F, Y1 = Q1 −Q1φ˙, Y2 = Y3 = 0, (6)
with
Q1 = Q1,φ˙ = −12 κ1, Q7 = Q7,φ˙ = 6F,φ − 3 φ˙2κ. (7)
On the other hand, the vacuum energy also gravitates in Horndeski theory gener-
ically. Thus, if it is different from zero it could drive the dynamics of the universe
at late times. As phase transitions can change the value of the vacuum energy by a
finite amount, an efficient adjustment mechanism has to be able to screen different
values of this vacuum energy. Weinberg pointed out in 19895, however, that it seems
that there is no self-adjustment mechanism able to screen any value of the vacuum
energy. Nevertheless, Charmousis et al.3,4 have avoided Weinberg’s conclusion by
considering that the scalar field can have a nontrivial temporal dependence once
screening has taken place. That is, when the geometry of the universe is described
by a Minkowski solution. To understand how the field is able to self-tune, note that
the modified Friedmann equation in vacuum can be written as
HH(a, a˙, φ, φ˙) = −ρvac, (8)
where HH is the Hamiltonian density obtained from the minisuperspace Lagrangian
(3). Thus, discontinuities in ρvac can be absorbed in the l. h. s. of Eq. (8) with a
continuous field φ once screening has taken place if the Hamiltonian density eval-
uated at the Minkowski solution depends on φ˙. As φ˙ has to be completely free to
absorb any discontinuity, it cannot be restricted by the field equation, which has to
be trivially satisfied when evaluated at the Minkowski solution. Moreover, any mat-
ter density non-interacting with the field appears also on the r. h. s. of Eq. (8) and
is, therefore, screened. Thus, screening should be dynamical to allow a nontrivial
cosmological evolution before complete screening has taken place.
This self-tuning filter is, therefore, equivalent to require that Minkowski is a crit-
ical point of the dynamics.3,4 Actually one needs additionally that the critical point
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be an attractor to screen the vacuum energy when it would dominate. Nevertheless,
if the universe has to approach a Minkowski solution at late times, it is not trivial
to see how a late phase of accelerated expansion would be naturally described in
this framework.
2. Self-tuning to de Sitter
It is commonly assumed that in the absence of particle physics the space is
Minkowski. One could wonder, however, whether the theory of gravity’s vacuum
could be described by a de Sitter space with a value of Λ given by the theory of
gravity.6 In this framework, an adjustment mechanism able to screen any value of
the vacuum energy of matter fields leads to a de Sitter space with Λ of the critical
point of purely gravitational origin.7 Thus, the late-time accelerated expansion can
be naturally described as the result of approaching the critical point, when it is an
attractor.
In order to obtain the Horndeski cosmological models with a de Sitter critical
point for any value of the vacuum energy and kind of material content, we re-
strict attention to spatially flat FLRW cosmologies, simplifying the minisuperspace
Lagrangian to
LH(a, H, φ, φ˙) = a
3
3∑
i=0
Xi
(
φ, φ˙
)
Hi. (9)
We also consider that the material content does not interact with the field; therefore,
Lm = −a3ρm(a). The modified Friedmann equation and field equation are given by
HH =
3∑
i=0
[
(i− 1)Xi +Xi,φ˙φ˙
]
Hi = ρm(a), (10)
EH = − d
dt
[
a3
3∑
i=0
Xi,φ˙H
i
]
+ a3
3∑
i=0
Xi,φH
i = 0, (11)
respectively. We apply the three self-tuning conditions summarized in the intro-
duction, but considering that the critical point is a spatial flat de Sitter solution
with a fixed value of Λ. These are: HdS
H,φ˙
6= 0; EdSH = 0, ∀φ; and EH,a¨ 6= 0; with
“dS” denoting evaluation at the de Sitter critical point. One finally obtains that
the minisuperspace Lagrangian density of the models screening to de Sitter has to
take the following form when evaluated at the critical point:7
LdSH = 3
√
Λh(φ) + φ˙ h,φ(φ). (12)
Thus, the Xi functions appearing in the minisuperspace Lagrangian (9) either are
linear on φ˙ or have a nonlinear dependence on φ˙ which contribution has to vanish
when the Lagrangian is evaluated at the critical point.
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2.1. The magnificent seven
The first group of models that we consider have functions Xi linear on φ˙. Thus,
without loss of generality, they can be written as7
LmsH
(
a, a˙, φ, φ˙
)
=
3∑
i=0
Xmsi
(
φ, φ˙
)
Hi, (13)
with
Xmsi = 3
√
ΛUi(φ) + φ˙Wi(φ). (14)
Taking into account the constraint (12), one obtains
3∑
i=0
Wi(φ)Λ
i/2 =
3∑
i=0
Ui,φ(φ)Λ
i/2. (15)
Thus, there are only seven independent functions of the field, which is the reason
we denote these models the “magnificent seven”.
The Hamiltonian density for these models can be obtained by substituting
Eq. (14) into Eq. (10), which provides
Hms =
3∑
i=0
[
3(i− 1)
√
ΛUi(φ) + i φ˙Wi(φ)
]
Hi. (16)
This relation depends on φ˙ when evaluated at the critical point if there is at least
one function Wi(φ) 6= 0, with i 6= 0. The terms with Ui(φ)’s and W0(φ) do not
spoil screening, although they do not self-tune by themselves. On the other hand,
substituting Eqs. (14) and (15) into Eq. (11), the field equation can be written as
3∑
i=0
{
3
√
Λ
[
Ui,φ(φ)− H√
Λ
Wi(φ)
]
− i H˙
H
Wi(φ)
}
Hi = 0. (17)
It can be checked that it is trivially satisfied at Hos =
√
Λ, and depends on H˙ for
Wi(φ) 6= 0, with i 6= 0.
It must be noted that an Einstein–Hilbert term is contained within the magnifi-
cent seven. It can be explicitly written by redefining U2(φ)→ U2(φ)− 1/(8piG
√
Λ),
and it cannot screen by itself. This is not surprising because general relativity does
not have a de Sitter critical point for any kind of material content. However, we can
combine this term with other self-tuning models to attempt to describe a cosmology
compatible with general relativity at early times.
2.2. Their nonlinear friends
The contribution of the Xi terms with a nonlinear dependence has to vanish in
the minisuperspace Lagrangian evaluated at the critical point to recover Eq. (12).
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Thus, writing the Lagrangian for these terms as
LnlH
(
a, a˙, φ, φ˙
)
=
3∑
i=0
Xnli
(
φ, φ˙
)
Hi, (18)
the functions Xnli have to satisfy
7
3∑
i=0
Xnli
(
φ, φ˙
)
Λi/2 = 0, (19)
to fulfill Eq. (12). In this case we have only three independent functions, but now
they are functions of φ and φ˙, so we have much more freedom.
These models have a Hamiltonian density given by
Hnl =
3∑
i=0
[
(i − 1)Xnli + φ˙Xnli,φ˙
]
Hi. (20)
Taking into account Eq. (19) and its derivatives into the Hamiltonian density eval-
uated at the critical point, one gets
HdSms =
3∑
i=0
iXnli
(
φ, φ˙
)
Λi/2 6= 0, (21)
which depends on φ˙. The field equation (11) is given by
3∑
i=0
[
Xnli,φ − 3Xnli,φ˙H − iXnli,φ˙
H˙
H
−Xnl
i,φ˙φ
φ˙−Xnl
i,φ˙φ˙
φ¨
]
Hi = 0, (22)
which has a nontrivial dependence on H˙ . Moreover, using again Eq. (19) and its
derivatives it can be checked that it is trivially satisfied when evaluated at the
critical point.
3. Summary and further comments
As a first step to attempt to alleviate the cosmological constant problem, we have
considered an adjustment mechanism able to screen any value of the vacuum energy.
For this purpose, we have extended the concept of self-tuning in a phenomenolog-
ically useful way, assuming that complete screening leads to a de Sitter vacuum
instead of Minkowski. The value of Λ characterizing the critical point is not deter-
mined by the energy of the vacuum of the matter fields but it is of purely gravita-
tional origin.
Following this approach we have obtained two families of cosmological scenarios
that have a spatially flat de Sitter critical point for any value of the vacuum energy
and kind of material content. We have referred to these models as the magnificent
seven and their nonlinear friends.
The reader interested in these models can check Refs. 8 and 9 where the cos-
mology of the magnificent seven and their nonlinear friends have been studied.
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Moreover, in Ref. 9, it has been shown that the spatially flat de Sitter critical point
is an attractor for the shift-symmetric nonlinear models if the material content of
the universe satisfies the null energy condition.
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